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The quantum anomalous Hall effect (QAHE) hosts the dissipationless chiral edge states associated
with the nonzero Chern number, providing potentially significant applications in future spintronics.
The QAHE usually occurs in a two-dimensional (2D) system with time-reversal symmetry break-
ing. In this work, we propose that the QAHE can exist in three-dimensional (3D) ferromagnetic
insulators. By imposing inversion symmetry, we develop the topological constraints dictating the
appearance of 3D QAHE based on the parity analysis at the time-reversal invariant points in recip-
rocal space. Moreover, using first-principles calculations, we identify that 3D QAHE can be realized
in a family of intrinsic ferromagnetic insulating oxides, including layered and non-layered compounds
that share a centrosymmetric structure with space group R3¯m (No. 166). The Hall conductivity is
quantized to be − 3e2
hc
with the lattice constant c along c-axis. The chiral surface sheet states are
clearly visible and uniquely distributed on the surfaces that are parallel to the magnetic moment.
Our findings open a promising pathway to realize the QAHE in 3D ferromagnetic insulators.
A two-dimensional (2D) electron gas exhibits the inte-
ger quantum Hall effect (IQHE)[1] at low temperatures
in strong magnetic fields, which offers an alternative av-
enue to achieve a dissipationless current beyond super-
conductors. The IQHE has one-dimensional (1D) chi-
ral edge states originated from the 2D bulk band topol-
ogy, giving rise to the quantized Hall conductance in the
units of e2/h. The topological properties of the IQHE
are characterized by a topological invariant C known as
the first Chern number [2]. However, the applications
of IQHE are strongly limited by the requirement of the
high-intensity external magnetic field and low tempera-
ture. The most promising solution to these challenges is
to realize the quantum anomalous Hall effect (QAHE) in
insulating materials co-existing with the band topology
and ferromagnetic (FM) order [3–9]. The QAHE insu-
lators (i.e., Chern insulators) host nontrivial topologi-
cal properties associated with the nonzero Chern num-
ber, and provide significant applications in topological
spintronics. Hence, extensive investigations have always
been performed to propose candidate materials to realize
such QAHE. Up to now, there are numerous theoreti-
cally predicted candidates to possess the QAHE, such as
intrinsic or doped magnetic topological insulators [4, 9–
15]. Recently, the QAHE was observed experimentally
in Cr-doped (Bi,Sb)2Te3 thin films at a low tempera-
ture around 30 mK [6]. Unfortunately, the QAHE has
not been realized in intrinsic FM materials due to the
lack of suitable materials. Alternatively, it is promising
to investigate the exotic properties of QAHE in three-
dimensional (3D) QAHE insulators since the 3D materi-
als with long-range magnetic order host higher thermo-
dynamic stability than 2D ones.
To illustrate the 3D QAHE, we first recall a fact of a 3D
electron gas system in a strong magnetic field, which was
first studied by Halperin [16] in 1987. When the Fermi
level lies inside an energy gap, the 3D IQHE may emerge.
The Hall conductivity tensor is quantized and given by
the Kohmoto-Halperin-Wu formula as σij =
e2
2pihijkGk
[16, 17], where ijk is the fully antisymmetric tensor and
G is a reciprocal-lattice vector. The 3D IQHE exhibits
chiral surface sheet states due to the appearance of an
energy spectrum without kz dispersion under a strong
magnetic field Hz [see Fig. 1(a)] [17]. Even through the
presence of 3D IQHE requires more stringent conditions,
this phenomenon has been predicted in 3D Hosftadter
butterfly’s system [18], graphite [19], and 3D topological
semimetals [20], etc. Analogously, if chiral surface sheet
states occur on a specific surface of a 3D FM insulator
with intrinsic magnetic moment Mz, we can define the
3D QAHE [see Fig. 1(b)]. The 3D QAHE insulator can
be viewed as a series of imaginary 2D QAHE insulators
in momentum space, for which the Chern number of each
kz plane remains unchanged in momentum space [21, 22].
However, the Chern number may generally vary as a func-
tion of kz and the bulk gap is closed, resulting in a 3D
topological semimetals [23, 24]. In Weyl semimetals, a
3D QAHE phase as a 2D subsystem may appear, which
does not possess a global band gap [25, 26]. So far, it
is challenging to explore 3D QAHE insulators with fully
nontrivial bulk gaps.
First of all, we elucidate the topological constraints in
FM compounds with inversion (I) symmetry. In a 3D
system with breaking time-reversal (T ) but keeping I
symmetry , we introduce that the topological invariant of
characterizing a 3D QAHE insulator can be determined
by the parity eigenvalues of occupied states at eight time-
reversal invariant momenta (TRIM) points. A 3D FM
insulating Hamiltonian H(k) that is invariant under I
symmetry is considered. For convenience, we take the
kz = 0 plane of a cubic Brillouin zone (BZ). The 2D
Hamiltonian H(k)|kz=0 also possesses the I symmetry
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2Figure 1: (a) In a strong magnetic field Hz, the 3D electron
gas exhibits the 3D IQHE with the chiral surface sheet states
due to the zero modes without kz dispersion. (b) The 3D
QAHE in a FM insulator with a intrinsic magnetic moment
Mz with the chiral surface sheet states. (c) The invariant
plane with kz = 0 in a cubic BZ. The paths l, l1, and l2 are
used in Berry phase arguments. The TRIM points in this
plane are denoted. (d) The adiabatic interpolation between
the planes kz = 0 and kz = pi. Each imaginary 2D cut orthog-
onal to the kz axis is associated with a fixed Chern number.
[see Fig. 1(c)]. The 2D Hall conductance in kz = 0 plane
is expressed as [3]
σ2Dxy |kz=0 =
e2
2pih
∮
l
A(k) · dk = −e
2
h
C, (1)
where A(k) = −i∑i 〈un(k)|∇k|un(k)〉 is Berry connec-
tion characterized by the occupied Bloch eigentstates
un(k). The 2D BZ boundary l can be viewed as the com-
position l1 + l2, and then the Berry phase
∮
l
A(k) · dk =∮
l1
A(k) ·dk+ ∮
l2
A(k) ·dk. The I symmetry guarantees
that
∮
l1
A(k) · dk = ∮
l2
A(k) · dk, and we can obtain
(−1)C|kz=0 = ei
∮
l1
A(k)·dk
=
∏
Kinv
ξ(Kinv)|kz=0, (2)
where ξ(Kinv) =
∏
n ξn(Kinv) and ξn(Kinv) is the parity
of the occupied Bloch states un(Kinv) at the TRIM point
Kinv. Eq. (2) indicates that the first Chern number C
connects the Berry phase of half BZ in kz = 0 plane
and parity eigenvalues at the TRIM points. The detailed
proof is provided in the Supplemental Material (SM) [27].
Similarly, the Chern number in the other invariant plane
is the same.
Due to the assumption of the Hamiltonian describing
a 3D FM insulator, the adiabatic interpolation between
the planes kz = 0 and kz = pi can be thought as a se-
ries of imaginary 2D FM insulator with the fixed Chern
number [see Fig. 1(d)]. The Chern number of all the 2D
cuts at a certain kz is the same since those planes at two
momenta kz = ki and kz = ki + δk can be adiabatically
connected without closing the gap. Then, we can obtain
C|kz=0 = C|kz=pi. Hence, for a 3D FM insulator, if any
2D cut with first Chern number C = 1 is identified, this
material must be a 3D QAHE insulator. Based on the
discussions above, we propose a general recipe to identify
a 3D QAHE insulator using the parity eigenvalues: (1)
a 2D cut with four TRIM points is a 2D Chern insula-
tor; (2) the product over the inversion eigenvalues of all
occupied bands at eight TRIM points must be 1.
This connection to the parity eigenvalues allows us to
explore or design 3D QAHE insulators. We can perform
high-throughput calculations to identify the band topol-
ogy based on the parity eigenvalues at the TRIM points.
Generally, such a route can be taken when simulating
FM layered materials with I symmetry, in which the in-
terlayer hopping is weak. However, our topological con-
straints don’t require that a 3D QAHE insulator must
be formed as a stacking of 2D QAHE insulators in real
space. In that sense, 3D QAHE insulators can not only
be present in layered ferromagnetic insulators, but also
emerge in non-layered ones. As expected, we show that
the 3D QAHE is realized in a family of FM insulating
oxides with space group R3¯m (No. 166), including lay-
ered Ba2Cr7O14, Sr2Cr7O14, K2V7O14 and non-layered
hexagonal (h-)Fe3O4. In the main text, we mainly focus
on a layered Ba2Cr7O14, which has already been synthe-
sized in 1972 [28]. The brief results of the non-layered
h-Fe3O4 is also provided to illustrate the topologically
nontrivial features of 3D QAHE. Detailed results of h-
Fe3O4 and other layered compounds in the family are
included in the SM [27].
To verify the existence of 3D QAHE in the family of
FM oxides, we perform first-principles calculations us-
ing the Vienna ab initio Simulation Package [29] based
on density functional theory [30]. The Perdew-Burke-
Ernzerhof (PBE)-type generalized gradient approxima-
tion (GGA) [31, 32] is chosen for the exchange-correlation
potential. The core-valence interactions are treated by
the projector augmented wave (PAW) method [33, 34]
with a plane-wave-basis cutoff of 600 eV. The full BZ is
sampled by 15×15×15 Monkhorst-Pack grid [35] to sim-
ulate the electronic behaviors. Since the 3d-electrons of
transition metals, i.e., Cr, Fe, are correlated, we employ
GGA+U scheme [36] and introduce the on-site Coulomb
repulsion of U = 3.0 eV for Cr [37] and U = 3.6 eV for Fe
[38]. Furthermore, we also confirm that the topological
features are robust in a wide range of U .
We first show 3D QAHE in the layered compound
Ba2Cr7O14. It crystallizes in a rhombohedral structure
with space group R3¯m (No. 166). As shown in Fig.
2(a), it has a layered structure. Each layer possesses a
hexagonal lattice with unit cell vectors a1 and a2, and
|a1| = |a2| = a. The stacking period of Ba2Cr7O14
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Figure 2: The crystal and band structures of Ba2Cr7O14. (a)
The unit cell and a single layer denoted by the dashed-boxed-
region. (b) The 3D BZ and the corresponding (001) and (100)
surface BZ. (c) Spin resolved DOS and partial DOS without
SOC. (d) Band structure of Ba2Cr2O2 without SOC. The ma-
jority and minority spin bands are denoted by solid blue and
dashed red lines, respectively. The two bands with opposite
mirror eigenvalues ±1 cross at the Fermi level in the L-B and
Γ-K directions are shown as insets. (e) Band structure with
SOC along [001] magnetization.
is characterized by the third lattice vector c. The Ba-
terminations of both sides of each layer induce a weak
interlayer bonding, so the van der Walls-type interlayer
interaction is present. The optimized lattice constants
are a = 5.870 A˚ and c = 27.931 A˚, which are very close
to the experimental values a = 5.652 A˚ and c = 27.770
[28]. The 3D BZ and the corresponding (001) and (100)
surface BZ of Ba2Cr7O14 are shown in Fig. 2(b).
The spin resolved density of states (DOS) and par-
tial DOS without SOC are shown in Fig. 2(c), and the
magnetic moment per Cr atom is ∼2.57 µB . We find
that the states around the Fermi level are completely
contributed by the majority spin states of Cr-3d and O-
Figure 3: (a) The intrinsic Hall conductivity of Ba2Cr7O14
relative to the Fermi level. The quantized plateau (σ3Dxy =
−3e2/hc) is shown. (b) The LDOS of Ba2Cr7O14 projected
on the (100) surface with the chiral surface sheet state. (c)
The LDOS of Ba2Cr7O14 projected on the (001) surface with
trivial surface states.
2p orbitals, while all orbitals of Ba atom keep far away
from the Fermi level. Our results strongly suggest that
the FM ground state of Ba2Cr7O14 originates from the
half-metallic characteristic of CrO2 [37]. The band struc-
ture without SOC is shown in Fig. 2(d). We find that
two majority spin bands exactly cross the Fermi level
in high-symmetry L-B and Γ-K directions, respectively.
With the spin-rotation symmetry, the two crossing bands
belong to opposite mirror eigenvalues ±1.
In the presence of SOC, the magnetic anisotropic calcu-
lations indicate that the ground state hosts a magnetiza-
tion along the stacking direction (i.e., the [001] direction).
Figure 2(e) shows the corresponding SOC band struc-
ture, which is very similar to that without SOC due to
the weak SOC strength of Cr and O elements. When the
magnetization is along the [001] direction, the symmetry
of this system is reduced to the magnetic group D3d(S6)
that contains inversion I, three-fold rotation symmetry
C3z, and antiunitary mirror symmetry TMx, where mir-
ror plane of Mx is perpendicular to x axis. Hence, a
bulk band gap ∼ 3.5 meV is present as no any symmetry
can protect the band crossings. Therefore, the compound
Ba2Cr7O14 is a layered FM insulator. Some another com-
pounds with bigger SOC strength in the family possess
larger gaps and can be found in SM [27].
Next, we use the parity analysis to demonstrate that
Ba2Cr7O14 is a 3D QAHE insulator. The parities of the
occupied Bloch states at eight TRIM points are listed in
Table I. We can easily conclude that there are two paral-
leled planes with the first Chern number C = 1 in recip-
4Table I: Product of parity eigenvalues of occupied Bloch states
at the TRIM points for Ba2Cr7O14 and h-Fe3O4, respectively.
TRIM
points
Γ L (×3) F (×3) Z
Ba2Cr7O14 - + + -
h-Fe3O4 - - + +
rocal space. These two planes belong to a parallelepiped
in which the eight TRIM points are the vertices. The
one passes through Γ point and the other passes through
Z point. Generally, the Chern number is invariant when
the adiabatic deformation are performed in the manifold.
Then, we can obtain that C = 1 for the planes kz = 0 and
kz = 3pi/c under a smooth transformation, where 3pi/c
is the z-component of Z point (0, 0, 3pi/c) in Cartesian
coordinates. As a result, the insulating Ba2Cr7O14 with
the intrinsic magnetization along the [001] direction can
exhibit the 3D QAHE. The 3D Hall conductivity can be
obtained by the integral of σ2Dxy as
σ3Dxy =
∫ |Gz|/2
−|Gz|/2
dkz
2pi
σ2Dxy = −
e2
2pih
C|Gz|, (3)
where Gz is the reciprocal lattice vector in the z direc-
tion. Eq. (3) is consistent with the Kohmoto-Halperin-
Wu formula [16, 17]. For Ba2Cr7O14, |Gz| = 6pi/c (see
SM [27]) and C = 1, i.e., σ3Dxy = −3e2/hc. The intrinsic
Hall conductivity of Ba2Cr7O14 can also be calculated
from the Kubo formula with the Wannier tight-binding
(TB) Hamiltonian [39, 40]. To calculate the integral of
Berry curvature in momentum space, a dense k-mesh grid
of 400×400×400 is adopted. Fig. 3(a) shows the intrin-
sic Hall conductivity σ3Dxy of Ba2Cr7O14 relative to the
Fermi level. As expected, the calculated Hall conduc-
tivity exactly match our topological analysis of parity
eigenvalues. The Hall conductivity exhibits the quan-
tized plateau (σ3Dxy = −3e2/hc) when the Fermi level is
inside the bulk band gap. Otherwise, the intrinsic Hall
conductivity rapidly decreases away from the gap.
The quantized plateau of Hall conductivity in a 3D
QAHE insulator will generate the corresponding topo-
logically protected surface states. It is well known that
the 2D QAHE insulator possesses chiral edge states asso-
ciated with the nonzero Chern number. In a 3D QAHE
insulator, the Chern number shows no dispersion along
the magnetic axis. Hence, the 3D QAHE insulator will
exhibit topologically protected chiral surface sheet states,
which are uniformly distributed on a surface that is par-
allel to the magnetization direction [see Fig. 1(a)]. In
contrast, the surface perpendicular to the magnetic axis
will host trivial surface states. For Ba2Cr7O14 with [001]
magnetization, the local density of state (LDOS) is cal-
culated using the Wannier TB Hamiltonian with the it-
erative Green’s function method [41] as implemented in
WannierTools package [42], and the LDOS projected on
Figure 4: (a) Band structure of h-Fe3O4 with SOC along
[001] magnetization. (b) The LDOS of h-Fe3O4 projected on
the (100) surface with the chiral surface sheet state. (c) The
LDOS of h-Fe3O4 projected on the (001) surface with the
trivial surface states.
the semi-infinite (100) and (001) surfaces are shown in
Figs. 3(b) and 3(c), respectively. As expected, the ap-
pearance of the chiral surface sheet states along Γ˜ − X˜
on the (100) surface perfectly agrees with the topologi-
cal prediction, indicating that the 3D QAHE is realized
on this surface. In contrast, there is no topologically pro-
tected surface states on the (001) surface, showing trivial
insulating features.
Significantly, our proposed recipe suggests that 3D
QAHE can emerge in non-layered FM insulators. To ver-
ify this, we show that h-Fe3O4 crystalized in a rhombo-
hedral structure with space group R3¯m (No. 166) (see
SM [27]) hosts 3D QAHE. Our results show that h-Fe3O4
in a FM phase has a magnetic moment of ∼4.67 µB per
Fe atom . With the magnetization along the [001] di-
rection, the band structure of insulating h-Fe3O4 in the
presence of SOC is shown Fig. 4(a). In comparison with
Ba2Cr7O14, the bulk band gap of h-Fe3O4 is consider-
ably large, up to ∼ 168 meV. From the parity products
of occupied Bloch states at the TRIM points listed in Ta-
ble I, we can obtain that there are two paralleled planes
with the first Chern number C = 1 in reciprocal space,
agreeing with the proposed recipe. Hence, we conclude
that h-Fe3O4 is a 3D QAHE insulator with quantized
Hall conductivity σ3Dxy = −3e2/hc. As shown in Figs.
4(b) and 4(c), respectively, the LDOS projected on the
(100) surface clearly exhibits the topologically chiral sur-
face sheet state while the LDOS projected on the (001)
surface shows the trivial surface states.
In summary, we proposed a general strategy based on
symmetry considerations for exploring 3D QAHE insu-
lators in FM materials. With the inversion symmetry,
5the topological constraints based on the parity analysis
at the TRIM points are developed to identify the exis-
tence of 3D QAHE insulators. Our first-principles calcu-
lations show that 3D QAHE can be realized in a family of
FM insulating oxides, including layered and non-layered
structures, which possesses the quantized Hall conduc-
tivity. The topological features are confirmed from the
chiral surface sheet states, which is uniquely distributed
on the (100) surface. More importantly, the 3D QAHE
would be more easily observed in experiments since the
bulk materials have the higher thermodynamic stability
than 2D ones.
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